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Abstract: Temporally stable coherent states are discussed for an abstract Hamil-
tonian with a general spectrum. Statistical quantities related to the coherent states
are calculated. As special cases of the construction, coherent states for some well-known
Hamiltonians, namely; Harmonic oscillator, Isotonic oscillator, pseudoharmonic oscillator,
Infinite well potential, Péschl-Teller potential, Eckart potential are indicated. Quaternion
version of temporally stable coherent states is also worked out.
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1. INTRODUCTION

Following the method proposed by Gazeau and Klauder [6] to construct temporally
stable coherent states, CS for short, in recent years, several classes of CS were constructed
for quantum Hamiltonians [2],[5],[12]. The spectrum E(n) of several solvable quantum
Hamiltonians is a polynomial of the label n. In this letter, we discuss CS with a general
polynomial E(n),

E(n) = apn® + ap_1n* 1+ +ain+ ap,
of degree k, which is considered as the spectrum of an abstract Hamiltonian. As special
cases of our construction we obtain CS for the quantum Hamiltonians indicated in the
abstract.

2. GAZEAU-KLAUDER COHERENT STATES

Let us introduce the general features of Gazeau-Klauder CS. Let H be a Hamiltonian
with a bounded below discrete spectrum {e,, }52 , and it has been adjusted so that H > 0.
Further assume that the eigenvalues e,, are non-degenerate and arranged in increasing
order, ey < e; < ... For such a Hamiltonian, the so-called Gazeau-Klauder coherent states
(GKCS for short) are defined as
(2.1) 1) = NS LL i

n=0 \/m
where J > 0, —00 < o < o0, {n,}22, is the set of eigenfunctions of the Hamiltonian
and k(n) = ejea...e, = eyl. In order to be GKCS the states (2.1) need to satisfy the
following:

(a) For each J, « the state is normalized, i.e., (Jya | J, o) = 1;
(b) The set of states {| J, ) : J € [0,00), 0 € (—00,00)} satisfies a resolution of the
identity

/OOO/_O:O | Ja)(J,a | du(J,a) =T

where du(J, ) is an appropriate measure.
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(c) The states are temporally stable, i.e., e "t | J o) =| J,a + t);
(d) The states satisfy the action identity, i.e., (Jya | H | J,a) = J.

The condition (d) requires ¢y = 0. In the case where only the conditions (a)-(c) are
satisfied the resulting CS may be phrased as “temporally stable CS”.

2.1. Abstract approach. In this section, we manipulate GKCS of type (2.1) in a some-
what abstract way. For this recall the basic definition of the canonical CS [1]:

(2.2) | 2) =™/ g Nl

where z € C, the complex plane and {| n)}52, is the Fock space basis. As a generalization
of (2.2) the so-called non-linear CS are defined [10] by

(2.3) | 2) = N(l2)~ Z

where z € D, an open subset of C, N(|z]) is the normalization factor, {£,}52, is an
orthonormal basis of an abstract separable Hilbert space $), x1, z2, ... a sequence of positive
real numbers, z,! = x;...x,, the generalized factorial and, by convention, xg = 0, xy! =
0! = 1 (notice that in (2.3) it is custom to take N(|z[)~'/2 and x¢! = 1, but to be
consistent with [6] we take N(|z])~! and zg = 0). If x,,! is given by p(n), a positive real
number x,, can be obtained as follows:

(2.4) xn:ﬂ, for n=1,2,3,...
p(n—1)
Then
(2.5) p(n) = xpTp_1...21 = x,!,
and p(0) = 2! := 0! = 1 . The generalized annihilation, creation and number operators

defined on the Hilbert space $ with respect to the basis {£,} can be given by (see [1])
Clgn = VTpln—-1, with Clgo = 07
(2.6) aTgn = VZnt18n+1,

né, = x,6,, (m=ala)
and the commutators take the form
(0,06 = (Tnt1 — zn)én,
(2.7) [naf]é, = (znp1—z0)alén,
malé, = (Tn-1—zn)a,.

The annihilation operator satisfies the usual relation a | z) = z | z). Under the commuta-
tor bracket, these three operators generate a Lie algebra which is the so-called generalized
oscillator algebra. Since n = afa and

n&n = 2nén,

we can consider n as a Hamiltonian, {x,,}52, as its non-degenerate spectrum and {&,}52
as its eigenfunctions. Further, if xo < z1 < z2 < ... then in analogy to the GK construc-
tion we can have GKCS. That is,

(2.8) | J,a) Z
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It is straightforward to verify that the states in (2.8) are temporally stable under the
action of the time evolution operator

U(t) = e
and since xg = 0 we have the action identity,
(Jya|n| Ja)=J
Thus the states (2.8) form a class of GKCS if the states are normalized, i.e.,

(Jya | J,a) =1,
which is guaranteed if
(2.9) N(J)? = i CARPY
= Ty! ’

where the radius of convergence of the series is R = lim,, , o, {/Z,, and provide a resolution
of the identity, i.e.,

R
(2.10) /0 / | J,a)(J, o | E(J)dJda = I,

where Z(J) = N(J)2X(J) is a density function and A(J) is an auxiliary density. Further,

the integral on « is defined by
1 /9
/...da = lim — / ..da.
5—00 20 -5
Notice that,

§ .
/e—ia(mn—wl)da = lim %/ e—ia(xn—zl)da :{ 0 if Tn #xl

5—00 s 1 if =z, =u

By a straightforward calculation one can see that the identity (2.10) is satisfied if one has,
R
(2.11) / TN = 2!
0

Further it may be interesting to notice that the algebra generated by the operators
{a,a’,n} and its deformations (up to isomorphisms) can serve as a dynamical algebra
of the Hamiltonian n.

In the case where one knows the spectrum and the eigenfunctions of a Hamiltonian, the
projective representation of the Hamiltonian can be written. For the states (2.8) it can
be written as

(2.12) H=" x| &) |-
n=0

For this Hamiltonian we have HE, = x,&,; Vn > 0.

2.2. GKCS quaternionic extension. Here we present quaternionic extension of GKCS
as vector coherent states on an abstract separable Hilbert space tensored with C2. Even
though possible physical applications of these CS may be worked out for the systems
presented in [15, 3], we shall not touch them in this manuscript. Further, it might be of
interest to carry out the following procedure on a separable abstract left or right quater-
nionic Hilbert space. However, a quaternionic wave function on a quaternionic Hilbert
space has not attained a clear meaning in quantum physics yet. Keeping the above points
in mind let us proceed with the construction.
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Let q be a quaternion and p be a 2 x 2 Hermitian matrix. We intend to have temporally
stable VCS as follows.

qr? , ,
TPy @ gy €CPH, j=1,2

(2.13) |q,ap,j) =N(a) ™" > N

m=0

where X1, x? is the natural basis of C2, {¢,}5, is an orthonormal basis for the abstract
separable Hilbert space $), and {y,,} is a positive sequence of real numbers with yo <
y1 < Yz.... Further a remark is in order: A quaternion has many square roots, in order
to be unique with the definition of GKCS we need to work with a fixed square root.

2.2.1. Normalization. As in the case of VCS of [15] we normalize the states as
2
> (a.ap,j|aq,ap,j)=1.
j=1

which requires

qm/2€_iymapxj ‘ qm/Qe—iymapXj>

(@,ap,j| q,ap,j) = N(Q)_QZZ<

|
1 j=1m=0 Ym:

2
Jj=

m=0 Ym!
Cax ldl™
= 2N(q) 2; ;‘m!
that is
(2.14) N(q)? =2 i E':.

m=0

2.2.2. Resolution of the identity. Let D(p) be the domain of variables of p and dp be the
probability measure on it. Observe that

_i(ym—yl)apd do — { 1 if m=1
€ odp :
/D(p) / 0 if m=#l

Let us make the following identification
|-[:H-—R" by g~ |al=t,
where H is the quaternion algebra. For a resolution of identity condition, let

dp(t, p,a) = N (la])?A(t)dtdpda.
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Then we have

2 0
S [ [ [laapsaap|anp.a)
j=170 D(p)

2 co oo
° 1 ) . . )
= m/2 ,—iaymp . Jj /2 —ioyip.,Jj
o Z q € X’ ){q’“e X
j=1m=0 [=0 /0 /D(p) / Ym!y1! | >< |
® | ¢)7n><¢l ‘ /\(t)dtdpda
2 o]

© oo 1 ) o .
_ m/2 _ —ioymp J j /2 —ioyip\T
= q"'"e X)) O | (a7 7e )
Z Z Z/o /D(p) / Vym!yr!

j=1m=0 [=0

@ | dm) (@1 | At)dtdpdor

m/2 , —ioymP (/2 ,—iayp\T
q"’Ce (q”/"e )'® | dm) (¢ | AM(t)dtdpda
Z Z/o /D(p)/vym!yl!

m=0 (=0
- i i / ) / / L /2em 0 m = wR (/)1 | g, (61 | A(t)dtdpda
m=01=0"0 “P(P) Vymlyl!

mz_:o/o ol % | om)(@m | A(t)dt
ad o0 tm

provided that

(2.15) /Oootm)\(t)dt = ypn!

2.2.3. Temporal stability. As in [15], we define the operators
A=Lea A =Ledad, N=Leon
Since
M @ P = Y X’ ® b

X! ® ¢, can be considered as an eigenfunction of 9 with the spectrum ,,. In other
words, 91 can be considered as a matrix Hamiltonian. Then

U(t) =e ™
is the time evolution operator. Since
U(T)X @ = e~ 72xT @
we have

U(t) | g, ap, j) =| q,ap + 713, j)

Thus the states | q,ap,j) are temporally stable or this could be an analogue of the
temporal stability.
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2.2.4. Action identity. Let us see an analogue of the action identity. For the quaternionic
GKCS a meaningful way of defining the action identity may be as follows:

(q,ap,j | N|q,ap,j) = |q],

2
=1

<

which can be verified in the following way.

2
> (a,ap,j| M| q,ap, ;)
j=1
2 0o 1
= N(q)—2 Z Z ; <qm/2e—wcympxj | qm/Qe—zayme]>
j=1m=1 Ym—1-
2 0o 1
= N(q)72 Z Z 7<q(m+1)/267iaym+1pxj | q(m+1)/267iaym+1pxj>
. Ym!
j=1m=0

S| , ‘
= J\/(q)’2 Z 7.Tr[(q(mﬁ’l)/?eflamerlp)(q(m+1)/267laym+1p)f]

|
m=0 Ym
— = 1 m m
= N(@)?)  —Tr[q" /2 (g 172)]
m=0 Ym:
o m-+1
_ q
NI — =ldl
=ty

2.2.5. Dynamical algebra. If qp = pq and ¥, +1 = ¢ + Ym, for a constant ¢, then we can
have

2| q,ap,j) = qe“? | q,ap, j).

Further the algebra generated by {2, 2, 9} can be considered as a dynamical algebra of
the system governed by the Hamiltonian 1.

3. GKCS FOR THE SPECTRUM E(N)

In this section we discuss GKCS for a Hamiltonian, in the sense of Section 2.1, with
the spectrum

(3.1) E(n) = apn® + ap_1n 1 4+ -+ ayn + ap.

Also note that from (2.14) and (2.15) the following procedure normalizes the quaternionic
GKCS and also give a resolution of the identity with y,, = E(n).

Now as we have mentioned earlier, to have the action identity we need to have E(0) = 0.
In the case where this requirement is violated we need to adjust the spectrum as follows
en = E(n) — E(0). In this case we get

ey = n(aknkfl + ... +a).

Let by, ...,bx_1 be the zeros of the polynomial azn*~1 + ...+ a; (not necessarily distinct)
and assume that the zeros are real numbers. Hereby we write

en =bn(n—>b1)(n—bag)...(n — br_1),
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where b is some constant, and

n) = H ej = b"T(n+ 1) (ar)n-.(r_1)n

where o; =1—b;; j=1,..,k—1and (o), =T'(n+ «)/T'(c), the Pochhammer symbol.
Let {¢,}22, be an orthonormal basis of an abstract separable Hilbert space, $). Let us
consider the Hamiltonian

H= z_%en | ¢n><¢n | .

Thereby, e, are the eigenvalues of the Hamiltonian H with the eigenfunctions ¢,,. In the
following we construct GKCS for the Hamiltonian H as vectors in the state Hilbert space
$ of H. Let us define a set of states

J" /2 .
(3.2) | J, a) Z TG0 € 9.

Since ey = 0 we can easily observe that the states (3.2) are temporally stable under
the time evolution operator U(t) = e~ and the action identity can be seen by a

straightforward calculation. The normalization requirement (J, v | J, ) = 1 yields

2o (J/b)"
(3.3) N(J)* = nZ:O L(n+1)(a)n.(Ch—1)n

Since lim,, o €, = oo the series (3.3) converges for all J > 0. For J € [0,00) and
—00 < a < 00, from (2.10) and (2.11) we see that a resolution of identity holds if there
exists a density A(J) satifying

= Okal(_§ Yy eeny X1, J/b)

(3.4) / JND)dT =b"T(n+ 1)(a1)n..-(Qk—1)n-
0
From the Mellin transform (see [9], p. 303, formula (37))
(3.5)
= L5=1GatLo -1, ., -1 _ P(s+d—1)..I'(s+dg —1)
G dr =T
/0 pq+1< ‘d -1, .. dq—l,O) * (S)I‘(s—i—cl—1)...I‘(s—|—cp—1)’
where
q+1 0 ‘ 1 ceey Cp — 1
Gpgi1 d1—1 ey dg—1,0
is the Meijer-G-function, we conclude that
1 k,0 -
ANJ)= ——G . | J/b
(/) bH;C;ll I'(a;) O’k< /bl ar;—1, .., ag_1—1,0 )

satisfies (3.4). Thus the states (3.2) form a set of GKCS for the Hamiltonian H.

A dynamical algebra can be defined through the operators of (2.6). In general this algebra

is an infinite dimensional Lie algebra.

Quantum revivals are associated with the wave functions. A revival of a wave function

occurs when a wave function evolves in time to a state closely reproducing its initial form.

Further, the weighting distribution is crucial for understanding the temporal behavior of

the wave function [2]. In the case of the states (3.2), the probability of finding the state

on in the state | J, a) is given by

P(n.J) = [{6n | o) = &

’ " ’ b”F(n+1)(a1)n...(ak,1)n0Fk,1(—;al,...,ak,l;J)'
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A quantitative estimate is given by the so-called Mandel parameters,
Q= (Jia|n?| Ja)—(Ja|n| Ja)? = (Ja|n]|J )
(Jya | n| J a)
where ng,, = e,¢,. If the photon distribution is Poissonian then @ = 0. If Q < 0 it is

called sub-Poissonian and if @ > 0 it is called super-Poissonian [2]. Let us calculate the
Mandel parameter for the states (3.2). Since ngg = 0 we have

(Jraln|[Ja)=1J

and
=, Jntle
2 _ -2 n+1
(Joa|n?| Ja) = N(J) ;7%!
_ NU)_QiJ”+1(n+1)(ak(n+1)k_1+...+a2(n—|—1)+a1)
= brT(n+ 1) (a1)n...(@k—1)n '
Thereby
k—1
(3.6) "t D+ D) et ) ra)

P bnr(n+ 1) (@1)n.(Ch_1)n

Since, for any finite k,

. L+ D) (ag-) _

1m = o0

n—oo \l (n+ 1]ag(n+ 1)1+ .. +as(n+1)+ai]

the series in (3.6) converges for all J > 0. For a state | 1) of the state Hilbert space the

average energy of the system is given by E = (¢ | n | ¢). For the states (3.2) the average
energy = J.

4. EXAMPLES

In the following we will discuss GKCS for some Hamiltonians as special cases of the
above construction. Most of these results can be found in the literature.
e Harmonic oscillator : The simplest case is the harmonic oscillator Hamiltonian where
e, = n and the state Hilbert space is the Fock space. This case is obtained from (3.1) by
taking k = 1, a1 = 1, ap = 0 and assuming that ¢, of (3.2) form the Fock space basis.
Further p(n) = e,! =T'(n+1), N(J)? = oFo(—; —; J) = €”,

A(J) =Gyt (J| o ) =e

and the Mandel parameter @ = 0.
e [sotonic oscillator : The spectrum of the isotonic oscillator Hamiltonian

A
is E, =2(2n++) where y = 1+ %\/1 + 4A, thus e, = E,, — Ey = 4n. The eigenfunctions
of H form an orthonormal basis of the Hilbert space L?([0,00)) [7, 13]. We get the
spectrum by substituting £ = 1, a1 = 4, ap = 2y in (3.1). In (3.2) we need to take
¢, = eigenfunction of H. In this case p(n) = 4"T'(n+ 1), N(J)? = oFo(—; —; J/4) = e!/*
and

(A=0)

1 — 1 _
A = 5688 (1 ) = e
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The Mandel parameter () = 3. Since @) > 0 for all J > 0 the photon distribution is
super-Poissonian.

e Pseudoharmonic oscillator : An anharmonic potential suitable for the treatment of
molecular vibrations is the pseudoharmonic oscillator (PHO)
h? d?

H= -2 .
2m dr? + V()

The effective potential of the PHO is

mw? , (v 1o > n 1

V(r)=—r5|——— ) +—plp+1)=

p(r) = —=15 <r0 r) 5 PP+ 1)
where m is a reduced mass, w angular frequency, o the equilibrium distance between the
nucli of the diatomic molecule and p rotational quantum numbers. V,(r) can be rewritten

as
2 2
mw r r mw
Vo(r) = =13 <r,,‘f) + (5 =7%)

where 7, is the changed equilibrium distance and it is given by

z 1
2t

| 2h, 5 1 mwré 3
P [mw(ﬁ 4)} 2h }

The radial eigenfunctions and eigenvalues are given by

where 8= [(p—l—

3
B [28T(n+ 8 +1)
where L2 is the generalized Laguerre polynomial, and

1 hwB  mw?rd
S R R

where B = \/mw/h. For 8 = 2q — 1 the eigenfunctions satisfy (n,q | n/,q) = Onn
and > °_ | n,q)(n,q |= I. For details see [11]. The spectrum is obtained from (3.1)

with £ =1, a1 = hw and ap = # - %ng. In (3.2) we set ¢, =| n,q) and obtain

pln) = K T(n + 1), N(J)? = oFy(—; —: J /() = /%) and

1 - 1 i
A = 3688 (Tml g ) = e/,

The Mandel parameter () = hw — 1. If we rescale h and w such that hw = 1 we obtain
the results of the Harmonic oscillator.

1
§ 2 2
] (Br)Pthe B /AL (3202 2),

E,, = hw(n +

e Infinite well : In [2] GKCS were constructed for the infinite well potential
h d? h?
C2mda? 2ma?’

The eigenfunctions form an orthonormal basis of the Hilbert space $ = LQ([O wal,dx)
2]

and the eigenvalues are E,, = Jﬁn(n +2) = hwn(n + 2) where w = 5= In
GKCS were considered with e, = n(n +2); n = 0,1,.... To be compatible with (3.1)
here we take e, = E,. This case can be viewed as a special case of (3.2) with k =
2,a9 = hw,a; = 2hw, ag = 0 and ¢, = eigenfunction of the infinite well. Here we have
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p(n) = B*w™n!(3)n, N(J)2 = oFi(—;3; L) = 2hwly(2y/J/(hw))/J, where I,(z) is the

'
modified Bessel function of the second kind,

A = s (mal )

and

o=2 [(J + hw) 11 (2y) +y(J — hw)lo(2y)
y? 0F1(=3;97)
where y = y/J/(hw). For h =w =1 we get
E (7 + DR EVT) = VI (2VT)]
a VI 2V T) — I(2V)) .

When i = w = 1 one can numerically see that @ < 0 for very small values of J and it is

positive for large values of J.

e Pischl-Teller : In [2] GKCS were also constructed for the Poschl-Teller potential

_ﬁﬁ Vo AA=1) k(k—1) h?
cos?z/2a  sin®z/2a

|-a-1

()\—l-li)Q, 0<z<ma

2m dx? 2 ~ 8ma?

whereVy = h?/(4ma?). The nondegenerate spectrum of this Hamiltonian is given by
E, = ﬁ—Zn(n + A+ k) = hwey; n = 0,1,2,.... The eigenfunctions form an orthonor-

2ma?
mal basis of the Hilbert space L?([0,ma],dz). In [2] GKCS were constructed for this
Hamiltonian with e, = n(n + A 4+ k); A,k > 1. From (3.2), for the spectrum FE,,
GKCS can be obtained with k¥ = 2,a2 = fw,a; = hAw(A + k),a0 = 0 and ¢, =
eigenfunction of the Poschl-Teller potential. In this case we have p(n) = R"w™n!(1 +

A+ E)n,
D27/ TR (1 + A + k)

N2 =oF (= 14+ A+ k; J/hw) =

( /J/fw)/\+n ’
_ 1 2,0 -
and
2J Inyrvi1(2y)
Q=—"—"7"=""+wA+r+1)—-1,
Yy I)\Jrn(?y) ( )
where y = \/J/hw. When I =w =1 we get
I 2
Q = a7l CVT)
I/\+n(2\/j)

e Fckart potential : For 0 < fx < m and A > B, the energy spectrum of the Eckart
potential,

2

H= 0 A% (42 4+ B? — AB)cosec(§r) — BA — §)cot(Ba)cosec(5r)

is gicen by E,, = fn(fn + 2A4); n=0,1,2,...[4],[8]. This can be compared to (3.1) with
k=2, a3 =% a1 =2A8 and ag = 0. Since p(n) = B2nn!(%)n the rest of the details
follows from the Poschl-Teller case with appropriate substitutions.
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